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CHARACTERISTIC LAPLACIAN IN SUB-RIEMANNIAN 

GEOMETRY 

JEREMY DANIEL AND XIAONAN MA 



^^ ' Abstract. We study a Laplacian operator related to the characteristic cohomology of 

Cn I a smooth manifold endowed with a distribution. We prove that this Laplacian does not 

5-H ' behave very well: it is not hypoelliptic in general and does not respect the bigrading on 

forms in a complex setting. We also discuss the consequences of these negative results 
for a conjecture of P. Griffiths, concerning the characteristic cohomology of period 



f~^ I domains. 



0. Introduction 



Let X be a smooth manifold and denote by Q,'{X) its differential graded algebra of 
smooth differential forms. Given a constant-rank distribution W on X, we consider the 
Pfaffian system associated to W , that is the graded differential ideal J* generated by the 
smooth global sections of the annihilator of W in T*X. Pfaffian systems constitute an 
important class of exterior differential systems, for which we refer the interested reader 

> : to 0. 

00 ■ For a differential map / from a smooth manifold F to X, it is equivalent for the 

differential of / to have its values in the distribution W and for the puUback by / of any 
Tj- , form in J to vanish on F ; we call such maps solutions of the Pfaffian system. Hence, it 

t:j- \ is reasonable to consider the complex Vt* [X) / J' , endowed with the differential induced 

O ' by exterior differentiation on Vt'[X). This is well defined since J is stable by exterior 

differentiation. We define the characteristic cohomology of (X, W) to be the cohomology 
of this complex and we denote it by H'j{X). More generally, we will attach the adjective 
characteristic to the constructions related to the Pfaffian system. In [3] and [1], this 
characteristic cohomology is intensively studied. Remark that if / : F — )■ X is a solution 
cd • of JT, then one has a map in cohomology 

/* : H'j{X) ^ H'{Y). 

In [TOl §111], the characteristic cohomology of period domains is the object of an 
interesting conjecture. Period domains D are homogeneous spaces G/V , where l^ is a 
compact subgroup of a Lie group G, encountered in the study of variations of Hodge 
structures. To every variation of Hodge structures over a complex manifold 5, one can 
construct a holomorphic map from S to a quotient T\D, where F is a discrete subgroup 
of G, and the well-known Griffiths transversality condition (a.k.a infinitesimal period 
relation, see e.g. p]) states that the differential of such a map has its values in some 
distribution W of T\D, coming from a G-invariant distribution of D. The conjecture 
can be stated as follows: 

Conjecture 0.1. Let T be a cocompact subgroup of G, acting freely on D = G/V. 
If the distribution W is bracket-generating and if m < rriQ, where rriQ is some integer 
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2 JEREMY DANIEL AND XIAONAN MA 

determined by the Pfaffian system J associated to W , then Hj{T\D) carries a natural 
pure real Hodge structure of weight m. 

A real pure Hodge structure of weight m is a real vector space E whose complexification 
E (8)k C carries a decomposition 

p+q=m 



where E^''^ are complex vector spaces satisfying E'P''^ = Ei^p. The prototype of real pure 
Hodge structure of weight m is the real cohomology in degree m of a compact Kahler 
manifold, as results from Hodge theory (especially the ellipticity of the Hodge Laplacian) 
and Kahler identities (see [9J or [12j for instance). One idea to study this conjecture is 
to develop an analogue of Hodge theory in this characteristic situation. More precisely, 
following [8], one defines a Laplacian related to the Pfaffian system and one can try to 
prove that there is an isomorphism between its harmonic forms and the characteristic 
cohomology. In the complex setting, if the Laplacian respects the bigrading on forms, we 
get a Hodge structure on harmonic forms, hence on characteristic cohomology. However, 
we will see that the picture is not so bright and that Conjecture 10.11 certainly needs to 
be studied in another way. 

In the first part, we construct this characteristic Laplacian. In [8, §111. A], it is asserted 
that this characteristic Laplacian is hypoelliptic and that in this case we have an iso- 
morphism of the characteristic cohomology with the space of harmonic forms. However, 
we explain why there seems to be no reason for the hypoellipticity of the characteristic 
Laplacian in general and, in Example 11.101 we give an explicit counterexample to the 
hypoellipticity in a complex setting: 

Proposition 0.2. One can construct compact complex manifolds of dimension 3, en- 
dowed with a contact structure, for which the corresponding characteristic Laplacian is 
not hypoelliptic in degree 2. 

In particular, it seems difficult to understand the characteristic cohomology via har- 
monic forms. 

In the second part, we nevertheless study the characteristic Laplacian in more details 
and answer the following question, asked in [HI §111. A]: 

Question 0.3. Let {X, h) he a hermitian manifold, endowed with a holomorphic dis- 
tribution W . Let W^ denote the underlying real distribution in TX and consider the 
Pfaffian system associated to Wr. What are the necessary and sufficient conditions for 
the characteristic Laplacian to respect the bigrading on differential forms on X? 

We give an unexpected answer to this question in Theorem 12.11 

Theorem 0.4. The characteristic Laplacian never respects the bigrading when the distri- 
bution W is not involutive (in particular, when it is bracket- generating, as in Conjecture 

EJlJ. 

This is quite deceptive since it shows that there is nothing like a Kahler condition 
in the characteristic case. Indeed, in the classical case where the distribution W is the 
whole space TX, we show in Theorem 12.21 
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Theorem 0.5. A complex Hermitian manifold is Kdhler if and only if the Hodge Lapla- 
cian preserves the bigrading on differential forms on X. 

It seems that the necessity part was not written yet in the hterature. This result and 
its proof are independant of the rest of the article. 

In this paper, if ii^ is a complex vector bundle on a manifold X, we will denote by 
E-^ its underlying real vector bundle. Moreover, A and i are the exterior and interior 
products on VL{X) and all distributions are assumed to be of constant rank. 

Acknowledgments. We thank Professors R. Bryant and P. Griffiths for useful discus- 
sions and for sending us M. Taylor's unpublished work. X. Ma thanks the Institut 
Univer sit aire de France for support. 

1. The CHARACTERISTIC Laplacian 



This section is organized as follows. In Subsection II. ![ we define the characteristic 
Laplacian associated with a distribution for Riemannian manifolds. In Subsection [L2l we 
explain Taylor's counterexample for the hypoellipticity of the characteristic Laplacian. 
In Subsection 11.31 we explain why the hypoellipticity does not seem to hold in general 
by computing its principal symbol. In Subsection \\A\ we give a counterexample for the 
hypoellipticity of the characteristic Laplacian in the complex setting which is the context 
of the original question. 

1.1. Definitions and notations. Let (X, g^'^) be a smooth compact Riemannian man- 
ifold, endowed with a (constant-rank) distribution W . We denote by F the annihilator 
of W in T*X] it is a vector subbundle of T*X. We denote by Q.'i^X) the graded algebra 
of differential forms on X and we endow it with the natural metric g^^^^ induced by 
g^'^ . We consider 

• X the algebraic ideal generated by the smooth sections Ix = '^°°{X, F); 

• J the differential ideal generated by the smooth sections of F on X, that is 
the minimal algebraic ideal containing the smooth sections of F and stable by 
exterior differentiation. 

Remark that J is the algebraic ideal generated by Ix and dix- If (^j) is a frame of 
F, the forms in X can locally be written as 

5^0, A0,- 

3 

where 0j are arbitrary forms on X, and those in J are of the form 

j 

where (pjjipj are arbitrary forms on X. 

Let Q be the orthogonal complement of J7 in Q{X). Remark that Q is naturally 
graded. We define a differential operator for forms in Q by 

(1.1) (iQ := ttq o do ttq : Q -)■ Q, 
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where ttq is the orthogonal projection from Q{X) onto Q. Since Jj is stable by d, we 
have 

(1.2) nQodonQ = 7iQod:n'{X) ^n'{X), 
By (II. 2p . we know 

(1.3) d'^Q = 7lQ O d O 7lQ O d O TlQ = TlQ O d'^ O TlQ = 0. 

Since Q is the orthogonal complement of J^ and J' is stable by d, we know that Q is 
stable by the adjoint d* of d and the restriction of d* to Q is (ig, the adjoint of dg for 
the natural L^-structure on Q. Indeed, if a (resp. (3) is in Q (resp. JT"), then d/3 is in JT" 
and this implies 

{d*a,P) = {a, dp) = 0. 
Since this is true for any /3 in J', d*a is in Q. Moreover, if a and /3 are in Q, then 

(1.4) {d*a, /3) = (a, ci/3) = (a, dg/?) 

and this shows that d*Qa = d*a. 

Definition 1.1. The characteristic Laplacian Aq on X with respect to W is the differ- 
ential operator on Q 

(1.5) AQ = dQd*Q + d*QdQ:Q^Q. 

Remark 1.2. In sub-Riemmanian geometry (where the distribution W is involutive), 
one defines a sub-Lap lacian on functions (see [I3]). This sub-Laplacian is hypoelliptic 
and coincides with the characteristic Laplacian in degree 0. In Example II. 5^ we will see 
that hypoellipticity can fail in positive degrees. 

Remember that we defined the characteristic cohomology of X (associated to the 
distribution W) to be 

(1.6) H'j{X):=H'{n'{X)/J',d), 

with the differential induced by exterior differentiation on Q'{X). 

By definition of Q and dg, this characteristic cohomology is naturally isomorphic to 
the cohomology of the complex {Q',dQ). An analogue of Hodge theory would be the 
following conjecture. 

Conjecture 1.3. We denote by 'Hg(X) the characteristic harmonic forms, that is the 
kernel of Aq. Then 

• HqIX) is of finite dimension. 

• There is an orthogonal decomposition 

(1.7) Q'{X) = H'q{X) © dQ{Q'-\X)) © d*Q{Q'+\X)). 

• The natural application 'Hg(X) — > Hj{X) is an isomorphism. 

In classical Hodge theory, one gets these results as consequences of the ellipticity of 
the Laplacian. In the next section, we show that the characteristic Laplacian in not even 
hypoelliptic in general. Hence we cannot really hope this conjecture to be true. 
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1.2. The question of hypoellipticity. We recall that, if E and F are vector bundles 
over X and P : E ^ F is a. differential operator, then P is said to be hypoelliptic if 
the following condition is satisfied: for every local distribution u with values in E, if 
Pu is smooth on an open set U G X, then the restriction of m to f/ is smooth. Elliptic 
operators, like the usual Hodge Laplacian, are hypoelliptic. It is a natural question 
to ask whether Ag is hypoelliptic since this would be the first step in order to prove 
Conjecture II. 3[ 

The most known sufficient condition for a second order differential operator to be 
hypoelliptic is due to Hormander ([llj). 

Theorem 1.4 (Sum of squares condition of hypoellipticity). Let P be a second order 
differential operator from a vector bundle E to itself. Suppose that locally one can find 
smooth vector fields Xq, . . . ,Xk and a smooth function c such that in a local frame of E, 

k 

Pu=(J2^i+^o + c)u 

i=l 

(in particular P acts componentwise) . Then P is hypoelliptic if and only if Xq, . . . ,Xk 
generate TX by brackets. 

In ^, it is suggested that this theorem implies that the characteristic Laplacian is 
hypoelliptic when the distribution W is bracket-generating. We will first give a coun- 
terexample due to Michael Taylor [H] and then compute the principal symbol of Aq in 
order to understand why the hypoellipticity certainly fails in general. 

Example 1.5. A contact structure on a 3-manifold M is one of the simplest examples 
of Pfaffian systems. It is the datum of a 2-rank distribution W on M which is bracket- 
generating. For instance, one can take for W the kernel of the 1-form 9 = du — pdx in 
coordinates (x, u, p) in M = M.^. A natural example in which M is compact is constructed 
as follows: we consider H^ the 3-dimension Heisenberg group, that is M^ with coordinates 
(p, q, t) and group structure (p, q, t) ■ {p', q', t') = {p + p',q + q', t + t' + |(pg' — p'q))- One 
checks that the 1-form 9 = dt — ^qdp + ^pdq is right-invariant and defines a contact 
structure on Ti^. Taking a cocompact discrete subgroup F of G, M = G/T still carries 
the contact structure. 

Locally, all contact structures on 3-manifolds are the same. Let M be a 3-dimensional 
Riemannian manifold with a contact form 9 and corresponding 2-rank distribution W. 
Let U be an open set in M. Then 

• J'^iU) = 0, 

• ji(f/) = ^^{U,R9), 

• J\U)=Q\U),J^{U) = Q%U), 
and 

• QO(U) = ^~([/), 

• Q\U) = '^'^{U,E), 

• Q\U) = 0, Q^iU) = 0, 

where E ^ U is the real vector bundle of rank 2, which is the orthogonal of M.9 in T*R^. 
In degree 1, the characteristic Laplacian is well-defined on forms with compact support. 
We have 

A'q = dQd*Q : ^-([/, E) ^ ^riU, E) 
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and one can consider it as a second order differential operator on E. Let us denote by 
(Xi,X2) a (smooth) orthonormal frame of W over U and by {a^,a'^) tlie dual frame of 
W*. Using the metric, W* can be seen as a subbundle of T*M and E can be identified 
with W* (see also the following subsection ll.3p . 

A form fi G L'^{U,E) can thus be written fj, = fj,ia^ + /i2a^, with /Xj G L^([/, M), and 
d*Qfi is given by 

(1.8) dQH = YiHi + Y2H2, 

where Yi, Y2 are first order scalar differential operators on U. 
In particular 

d*Q{^ia^) = Yifii. 

We claim that l^/Ui can be smooth (even zero) without /ii being smooth. Indeed, in 
some local system of centered coordinates {xi,X2,X3), star-shaped in 0, Yi has the form 

d 

Yl = Q h/(xi,X2,X3), 

where / is some smooth function. Consider the function 

f(xi,a;2,a;3) =exp f / /(t,a;2, X3)dtj/ii(a;i, X2, X3) 
which is smooth if and only if fii is smooth. We compute that 

d { r^ \ 

— f(a;i,a;2,a;3) = exp ( / f{t,X2,x^)dt\Yi^,i{xi,X2,x^). 

Choosing v independant of xi but not smooth, one has Fi/ii = 0, proving the claim. 

Remark 1.6. In an analogous example occurring in the complex situation (Example 
ll.lOp . we will need to be more precise. In particular, formula (II. Sp can be made explicit: 

(1.9) d*Q^l = - div(/iiXi + fl2X2), 

where div(X) is the divergence of the vector field X. 

In order to better understand why the hypoellipticity seems to fail, we will compute 
the principal symbol of Aq. It will not show that Aq is not hypoelliptic but it will 
at least show that the sum of squares condition cannot be applied, at least if one only 
considers the second order terms. 

1.3. The principal symbol of the characteristic Laplacian. Recall that we denote 
by E the annihilator of W in T*X. Let A^ be the orthogonal complement of W in 
{TX,g'^^). Then as a smooth vector bundle, we have 

(1.10) TX = W®N, and T*X = W*®N*. 
We can identify A^* and E as ^°° vector bundles, and 

(1.11) X = ^°°(X,Ar*§A(T*X)). 

The quotient Q{X)/I can be identified with the orthogonal complement of X, i.e., 

(1.12) nw{X):='t^°°{X,AW*). 

In what follows, we do these identifications without further notice. 
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Since T d J, Q = J^ can be viewed as a subspace of VLv/{X). The orthogonal 
complement of Q in i7vi/(X) will be identified with J /X. We thus have the following 
decompositions: 

(1.13) Vl{X)=X®VLw{X) 
and 

(1.14) nw{x) = j/x®Q. 

All of these spaces are naturally graded. We define a map (p : F ^ A'^{W*) by: for 
9 e ^°°(X, F),v,we ^°°(X, W), set 

(1.15) ip{e){v,w) := {de){v,w) = -e{[v,w]). 

We check that for any x G X, (y9(6')(f , w)^ depends only on 9x, Vx and Wx- 

The map ip : F -^ X^W* induces a map v? : F^A'^W* — )■ A^+^iy* for any k. We 
will assume that the rank of these maps is constant on X, for any k. In particular, 
ip{F^A''W*) forms a vector subbundle oi A'^'^'^W* on X for any k. Set F<^ := (^(F^AVT*) 
and let -F<^,± be the orthogonal complement of F^ in AW* over X. 
By construction, we thus have an orthogonal decomposition 

(1.16) AW* = F^®F^,^ 

and by (11.121) and (11.161) . this decomposition induces (I1.14p . that is 

J/X = ^-{X,F,), 
^ ■ ^ Q = ^°°(X,F^,^). 

We denote by np^ and Tr^? j_ the orthogonal projections from AW* onto F<^ and -F(^,±. 
In order to make computations with the operators on Q, we construct intermediate 
operators on Al^*. First we define 

(1.18) dw ■= TTw ° d o TTw : AW* ^ AW* , 

where ttw is the projection from A(T*X) on AW* in the decomposition (ll.lSp . Beware 
that there is no reason for dyy to be 0. The adjoint d^ of dw satisfies 

(1.19) dl^r = TTw O d* O TTw . 

From ([III]), flLTSjl and firTOD . we have 
1-20 J ,. 

«Q = TTq O d^ O TTq. 

By (ll.lSp and (11.191) . dw and (i^ are first order differential operators on AW* and 
their principal symbols are, for ^ G T*X 

V / / 



where ^w is the orthogonal projection of ^ on W* and ,^^ G PF is the metric dual of ^ 



w- 
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By fll.l7p and fll.20p , dg and d*Q are first order differential operators on F^^± and their 
principal symbols are 

One also gets the adjoint formula of (ll.2p 
(1.23) ttqo d* o ttq = d* o ttq. 

Taking the principal symbols of f ll.2p and fll.23p . we have 

Tip I Cw A TTi? , = Tip , ^wA, 
Tip , ie* Tip , = it* Tip , . 

Proposition 1.7. The characteristic Laplacian is a second order differential operator 
on F^^j_ and its principal symbol is 

(1-25) ^2(Aq,0 = T^F^,A\^w\'^ -H*w^F^^W^)t^F^,^- 

Remark 1.8. The first term in (11.250 is the term suggested in |8] but the second term 
was forgotten. Because of this second term, one cannot apply Hormander's condition of 
hypoellipticity; see Example 11.91 

Proof of Proposition \1.7\ By (II. 5p . (I1.22p and (ll.24p . Ag is a second order differential 
operator on F^p^± and its principal symbol is 

(^2{^Q,0 = T^F^Aw A T^F^^Je^T^F^^^ + T^ F^^j^w^F^Aw A Tlp^^^ 

= T^F^^^W A ^C^TTf^.x + ^F^^Ai*^iw A Tlp^^^ - T^F^Ji*^T^F^iw A Tlp^^^ 
= '^F^A\iw? - Hw'^F^iw/\)T^F^^^- 

In the second equality, we use (ll.24p and in the third, we use the identity 



H*w^W A +^14^ A 2g. = \i 



w\ 



|2 



The proof of Proposition 11.71 is completed. D 

Example 1.9. We review Example 11.51 and compute the principal symbol of the char- 
acteristic Laplacian in degree one. With the identifications at the beginning of the 
paragraph, Q} is the space of sections of W* and Q^ is zero. Let rj be in W* . Since 
in (ll.25p . only the projection ^^ of ^ is involved, we can restrict the symbol to the ^ 
belonging to W* . We have 

= vine 

In the second equality, we use that F^^j_ (resp. F^) equals AW* in degree 1 (resp. 2). 
If ,^ = (,^1, ^2)* and rj = [rji, 772)* in an orthonormal frame for W*, we get 

V]2j V6/ V66^1 + ^2^2/ 
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Otherwise said, we have the equahty 



,^2/ \XiX2r]i + X|r/2/ ° V^2, 

where (Xi,X2) is a local frame of W and Xq is a first order differential operator, which 
does not necessarily act componentwise. Since the second order does not act componen- 
twise, one cannot apply Hormander's condition of Theorem 11.41 

1.4. The complex situation. In the remainder of the article, we will be interested 
in Pfafiian systems over a complex manifold. More precisely, let (X, J) be a compact 
complex manifold; J induces a splitting TX (8>]r C = T^^'^^X © T^'^'^^X, where T^^'^^X 
and T^'^'^^X are the eigenbundles of J corresponding to the eigenvalues a/— 1 and —y/—l, 
respectively. Let T*^^''^'X and T*^^'^''X be the corresponding dual bundles. 

We still denote by Q^{X) the space of smooth fc- forms on X with values in C. Let 

(1.26) AP'''{T*X) = AP(T*(i'°)X) ® A''{T<°'^^X), ^^'^(X) := ^°°(X, AP''?(r*X)). 

Then ^^'^(X) is the space of smooth {p, g)-forms on X, and Q''{X) = ®p+q=k ^^'^(X). 
Let G be a real (1, l)-form such that 

(1.27) /^(.,.) = 0(.,J.) 

defines a Riemannian metric on TX. The triple (X, J, 0) is called a complex Hermitian 
manifold. If is a closed form, then the form is called a Kahler form on X. 

We denote the holomorphic tangent bundle by T/^X. Let W C T^X be a (constant- 
rank) holomorphic distribution. We consider the Pfafiian system associated to the distri- 
bution W]^. Otherwise said, if we denote by F C Tj^X the holomorphic annihilator of W, 
then the exterior differential system J' we consider is generated by Fk C T*X. Beware 
of the notations that differ from the real case. Remark that J' is not only rf-stable: it is 
also d and ^-stable. Indeed, if Ix = '^°°{X, F) is the space of smooth sections of F on 
X then Ix = ^°°(X, F) and d acts on Ix (resp. Ix) as d modulo Ix ■ f2^(X) (resp. d 

modulo Jx-^H^)) • 

Locally, if {6j) is a holomorphic frame of F, the forms in X can be written as 



Y,dj^4^j + 0j^ 



O' 



where ipj, (pj are arbitrary forms, and those in J' are of the form 

y^ 9j A ijjj + 6j A (pj + d6j A Uj + d9j A Xj, 
j 

where ipj, (pj, ^j, Xj are arbitrary forms. 

We still denote by Q the orthogonal of J'. Besides the operator dQ, we also define dg 
and (9q by 

(1.28) dg := ttqo d oTiQ, Bq := ttqo B o ttq. 

Moreover, as in (II. 4p . the adjoints of Oq and Oq (for the natural L^-structure on Q) 
are the restrictions to Q oi d*, d* the adjoints of d and d. 

If we denote by X the orthogonal complement of W in (TX, g'^^), one obtains analogue 
decompositions as the ones in the previous subsection. In particular, denoting by X the 
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algebraic ideal generated by F^, one has the analogues of (11. lip . (I1.12p . ( I1.13P and ( I1.14p : 

X = ^°°(X, N^^A{T*X)), 

n{x)=x®nwix), 

nw{X)=J/X®Q. 

All of these spaces carry a natural bigrading. Denoting by ttw the orthogonal projec- 
tion from A(r*X) onto XW^, we define 

dw '■= T^W O d O TTvK, dw '■= T^W od O TTvK, 
dw = ^W O 9* O TTw, B^Y = TTw O d* O TTiy. 

Then, we have, besides equations (11.181) . fll.lQp and (11.201) . 

dQ = 7rQodwo vtq, dQ = 7rQodwo vtq, 
d*Q = nQod^o tcq, d*Q = TCQod^o ttq. 

We still define a map (p : F -^ X^W* as in fll.lSp . Since in the definition fll.lSp . 
we can take 6,v,w to be holomorphic sections, it proves that ip is a holomorphic map. 
We still assume that the induced map ip : F§)AW^ — )• AW^ has constant rank. Set 
F^ := ip{F^AW*) and F^^± the orthogonal complement of F^ in AW* and let np^, ttf ^ 
be the orthogonal projections from AW* onto F^, -F<^,±. 

Then F^^AW* + AW*^F^ and F<^,±®F^,± are vector subbundles of AW^ (g)R C over 
X, and 



(1.32) AW* ®M C = i^F^^AW + AW*^F^j © F^,±®F^,±. 

In this decomposition, we have, as in (ll.lTp . 

, , J /I = ^°°(X, F^0AW* + AW*^F^). 

Q = ^°^(X,F^,x®F^,±). 

Example 1.10. Example II. 51 can also be seen in the complex situation but an interesting 
phenomenon appears in degree 1. Consider the complex manifold M = C^ with complex 
coordinates {x,u,p) and the holomorphic 1-form 9 = du — pdx. We denote by (■, ■) a 
Hermitian metric on M and by | ■ | the corresponding norm. Using the notations of this 
subsection, VT is a holomorphic vector subbundle of ThX of rank 2. Hence A'^W* is of 
rank 1 and we have F<^ = A'^W*. We thus obtain the following bidegree decomposition 
of Q over an open set U: 

• QO.O(f/) = ^°°(f/), 

• Qi'0([/) =^°°(f/,iy*), 

• Q0'i(f/)=^-(?7,W*),_ 

• Qi'i(f/) =^°°(f/,Vr*gW*). 

Take (Xi, X2) a holomorphic frame oi W on U and (a^, a^) its dual frame. We study 
the smoothness of harmonic forms for Ag in degrees 0, 1 and 2. 

For / G L^([/, C), one has Ag/ = if and only if dg/ = 0. Using the frames, one 
obtains 

dQf = X,{f)a' + X2{f)a' + X^{f)a' + X^i^a'. 
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Since Xi, X2, Xi and X2 generate by brackets the tangent bundle of U , a function / such 
that (IqJ = is in fact locally constant. Remark that the same argument works for any 
distribution W which is bracket-generating. This proves that the harmonic functions are 
smooth. 

In degree 1, let /i = jiio^ + /i2a^ be in L'^{U,W*) (here /ii,/i2 G L^([/, C)). Such a 
form is cancelled by Ag if and only if it is cancelled by both (Iq and d*Q. 

We denote by div(y) the divergence of a vector field Y and by dvx the Riemannian 
volume form on [X^g^-^). 

Lemma 1.11. The following identities hold: 

d*Qij = -div(J2'i=l{l^,o^i)Xi)■ 
Proof. Since Q^'°(f/) = 0, we know rfgyU = dQfi. The 2- form da^ satisfies 
da'^iY,, F2) = Y^ia'iY2)) - Y2ia\Y^)) - a>'i[Y^, Y^]). 

Since {a^ja"^) is the dual basis of (Xi,X2), this simplifies to da^(Yi,Y2) = — q;'^([Y'i, 1^2]) 
when Yi is either a X, or a Xj. Since the Xi are holomorphic, the brackets [Xj,Xj] 
vanish and da'^{Xi,Xj) = 0. This implies that 

2 
dgf^ = ZlLi dgHia' = ^ Xj{fii)a^ A a\ 

For the second equality, one has for every smooth function /, 

{d*Qf^, f) = id*Qfx, f) 

= (/^, dQf) 
2 



-V / X,{f){fi,a')dvx 

^ r -— — 

-V/ fiX,{fi,a') + dwX,)dvx. 



Hence d*Qfi = - Ei=i(-^i(/^' «*) + (/"' «') divX^) = - div(X;-=i(/^' ai)Xi). D 

Using Lemma [I.IH if Ag/i = then Xj{ni) = for all i,j from 1 to 2. Since the Xj 
generate by brackets the anti-holomorphic tangent bundle, this is equivalent to fii being 
holomorphic in the weak sense. Since d is an elliptic operator on functions, the /ij are 
holomorphic. This shows that the harmonic forms of bidegree (1,0) (resp. (0,1)) are 
holomorphic (resp. anti-holomorphic) sections of VT* (resp. W ). In particular, they are 
smooth, contrary to what happened in the real setting. 

In degree 2, consider a form u = J2ij=i ^ij^^ ^ ct* ^^ L'^i.U, W*<^W ). It is cancelled 
by Aq if and only if d^z/ = 0. 
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Lemma 1.12. The 2-form v is harmonic if and only if for k = 1,2, 

div [^(z/,a'Aa'^)X/| =0, 

div (^(z/,a'=A«')Xz] =0. 

Proof. We just show that the first equation is equivalent to the vanishing of OqU. For 
every (1, 0)-form /i = fiia^ + /i2«^, 

{d*QU, /i) = (z/, Bq^) 

2 

= (^/ 

k,l=l 
2 



y^ X;(/ifc)a' A a'') by Lemma [LTT] 
- y^ / 7Ij^,div((i^,a' A a'')Xi)(ifx- 

fc,Z=l "^A^ 



This is zero for all /i if and only if div(^^^-^(z/, a A a )Xi) is for A; = 1, 2. D 

It seems difficult to unravel these equations in general. We will only consider two 
different choices of the metric. 

Standard metric. In the particular case where the metric on C'^ is the standard one, 
one can choose for Xi,X2 orthogonal holomorphic vectors with zero divergence (take 
Xi = -^ and X2 = p-^ + ^. Moreover, Xi has norm 1. Then the equations of Lemma 
11.121 become 

^X^K.|a'Aa'=|2) = 0, 
I 

I 

where v = vijjy'- A a^ . One can take 1^12 = 1^21 = ^^22 = 0. Then the equations are simply 
-^1^11 = -^1^11 = 0. Since Xi is holomorphic, [Xi,Xi] = and, by Frobenius theorem, 
one can choose Vu constant in the directions of Xi and Xi but Vu not smooth. This 
shows the existence of non-smooth harmonic 2-forms. 

Heisenberg metric. Consider the case where we see C^ as the complex Heisenberg 
group (see Example II. 5p . endowed with a right-invariant Hermitian metric and with a 
right-invariant contact form. Choose a basis {X[,X'2) of W at the identity e of "H^. 
Consider the corresponding right-invariant vector fields on "H^, denoted by X[ and Xg. 
Since these vector fields and the volume form are right-invariant, the divergences of X[ 
and X'2 are constant. Hence, to certain linear combination Xi of X[ and X2 corresponds 
a right-invariant vector field with zero divergence. We can moreover assume that Xi is 
a unit vector and complete it to an orthonormal basis (Xi,X2) of We- Thus we get a 
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holoinorphic orthonorinal frame (Xi,X2) of W and Xi has zero divergence. Then, the 
same argument as above shows the existence of non-smooth harmonic 2-forms. 

Remark 1.13. This last example with the Heisenberg metric is in fact the prototype of 
the situation described in Conjecture 10.11 Indeed, take T a cocompact subgroup of the 
complex Heisenberg group. Then, by invariance of the metric and of the distribution, 
we obtain a counterexample to the hypoellipticity of the characteristic Laplacian in 
a compact complex contact 3-manifold. Those manifolds are the simplest examples 
of period domains, with non-trivial Griffith's transversality condition (that is, with a 
distribution not equal to the whole tangent space). 

2. Answer to Question 10.31 

The aim of this section is to prove the following theorem, which is an answer to 
question 10.31 

Theorem 2.1. In the notations of Question W.'^ and SectionUl the characteristic Lapla- 
cian never respects the bigrading on Q* when the distribution W is not involutive. 



This section is organized as follows. In Subsection 12.11 we show that a complex 
Hermitian manifold is Kahler if and only if the Hodge Laplacian preserves the bigrading 
on VL{X). In Subsection l2.2[ we establish a generalized sub-Kahler identity. In Subsection 
we establish Theorem 12. 1[ 



2.1. The classical case. First we study the case where the distribution W is the whole 
tangent space TX, which is interesting for itself. We thus have Q = Q{X) and the 
characteristic Laplacian is the usual Hodge Laplacian, which we simply denote by A. 
Remark that Theorem 12.11 says nothing in this case. 

It is well known that for a Kahler manifold, its Hodge Laplacian preserves the bi- 
grading of the differential forms (cf. P, §0.7], fTH Corollary 1.4.13]). This implies the 
decomposition of the complex valued de-Rham cohomology in bidegree type for a com- 
pact Kahler manifold; this was in fact the initial interest of the authors for the general 
question l0.3[ In [S^, §111. A], Green, Griffiths and Kerr claimed that Chern ^ proved that 
for Hermitian manifolds, if its Hodge Laplacian preserves the bigrading of the differen- 
tial forms, then the Hermitian metric is Kahler. After communications with Professors 
Bryant and Griffiths, we realized that Chern did not claim this result in his paper [6], 
and it seems that one could not find a proof in the literature. 

Theorem 2.2. The complex Hermitian manifold {X, J, B) is Kahler if and only if A 
preserves the bigrading on Q{X), i.e., A sends {p,q)-forms to {p,q)-forms. 



We first introduce some notations from 
For any Z2-graded vector space V = V~^ © V~ , the natural Z2-grading on End(V") is 
defined by 

End(V)+ = End(V+) © End(r-), End(V)- = Hom(V+, V') © Hom(V-, V+), 

and we define degi? = for B G End(y) + , and degi? = 1 for i? G End(\^)~. For 
B,C E End(l^), we define their supercommutator (or graded Lie bracket) by 

(2.1) [5, C]=BC- (_l)degBdcgC^^_ 
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Then for B, B', C G End(l^), the Jacobi identity holds: 

(2.2) (_l)degC.dcgi?'^^/^ j^^^jj ^ (_^)dcgB'.dcgB^^^ [C , B']] 

+ {-lY^^^-'^''^^[C,\B\B]] =0. 

We will apply the above notation for Vt*{X) with natural Z2-grading induced by the 
parity of the degree, (cf. [HI (1.3.31)]). 

We define the Lefschetz operator L = A on A*'*(T*X) and its adjoint A = i{Q) 
with respect to the Hermitian product (■,-)a«,« induced by g^-^ . For {wj}'^^^ a local 
orthonormal frame of T*^^'°^X, we have 

(2.3) L = 



l^w'AwM, A 






'^WjT'yjj 



where A and i denote the exterior and interior product, respectively. The Hermitian 
torsion operator is defined by 



(2.4) 



r:=[A,ae] = [z(e),9e]. 



Proof of Theorem \2.B. If (X, J, B) is Kahler, then it is a classical result that A preserves 
the bigrading on f2*(X), cf. for example [12l Corollary 1.4.13] for a proof. 

We assume now that A preserves the bigrading on Vt*{X). 

Let n := dd* + d*d] D := 59 + d dhe the usual 9-Laplacian and 9-Laplacian. Then 
as d = (9 + a and rf2 = 0, we have (cf. ^ 1.4.50)]) 



(2.5) 



A = [rf, d*] = [d + d,d* + d*] = U + U + [d, d*] + [9, d* 



As D, n preserve the bigrading on f2*(X), and [d^d ] : VL''*{X) — )• fi*+-'^'* ^(X), we know 
that A preserves the bigrading on i7*(X) if and only if 

(2.6) [9,9*] = 0. 

By the generalized Kahler identities [121 (1-4. 38d)] (cf. [7]) for i? = C therein, we get 

(2.7) [A, 9] =^^{d* +T). 
From (12. 7p . we get 

(2.8) feal = -V^\d, [A, 9]] + \dX 

But by (E3), we get 



(2.9) 



9, [A, 9] = A, [9,9] + 9, [9, A] 



As [d, d] = 292 = and [d, A] = - [A, 9] , we get from ([23]) that 



(2.10) 



5, [A, 9] 



0. 



From (12. Sp and (I2.10p . we know that (12. 6p is equivalent to 
(2.11) [d\T]=Q. 
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By [121 (1-4.9)], the operator d has the form d = — ^ . iwj^Zi^ + 0-order terms, here 

V"^^ is certain connection on A(T*X), thus [9 , T] is a first order differential operator, 
and its principal symbol a is: for ^ G T*X, 



(2.12) 

By [HI Lemma 1.4.10] 



^(0 



-^^{i.w.-^- [iw^.T]. 



(2.13) T 



^{dQ){wj,Wk,wi) 
jki 



2w^ Aw^ Ak 



- 2 5jiw^ -w^hw^M 



Wl 



From (I2.13p . we get 

(2.14) [z^„r]=v 



-1 '^{dQ){wj,Wk,wi)w^ ^ [iw,,w^] Ah 
jki 



0. This means that if A preserves the bigrading on Q*{X), 

D 



= V^ '^{de){wj,Wk, Wi)w^ A ^ 

jk 

By ( 12J211 and (EH]), the equation (IZTTD implies that 
(2.15) 90 = 0. 

Thus 96 = M = and dQ 
then (X, J, 6) is Kahler. 

Remark 2.3. After we sent our preliminary version to Professor Bryant, he sent us an 
easier proof which works also in the almost- complex case. Here is the argument: 

Let {X, J, B) be an almost complex manifold with almost complex structure J and 
a real (1, l)-form as in (11.271) . We suppose that the Hodge Laplacian A preserves the 
bigrading. In fact, we may only suppose that A sends (0, l)-forms to (0, l)-forms. In 
particular, A commutes with J : TX — )■ TX. Using the following lemma, this implies 
that J is parallel with respect to the Levi-Civita connection V^^ on {TX,g^^). It is 
well-known (cf. fi2\) that this condition is equivalent to the metric being Kahler. 

Lemma 2.4. Let {X,g^^) he a Riemannian manifold and L G '^°°(X, End(T*X)). // 
L commutes with the Hodge Laplacian A on 1- forms, then L is parallel with respect to 
the Levi-Civita connection V"^"^. 

Proof Let V^^^*^) (resp. V^^'^^^*^)) be the connection on A{T*X) (resp. End(T*X)) 
induced by the Levi-Civita connection V"^"^ on {TX,g'^^). 

For V^ a connection on a vector bundle F, let A^ be the Bochner Laplacian on F 
associated to V^. By Definition, for {ej}j an orthonormal frame of {TX,g'^^), we have 



(2.16) 



A^ 



E 



\7TX, 



As V^*-"^*"^-* preserves the Z-grading on A(T*X), we know the Bochner Laplacian 
^A{T*x) Qj^ A{T*X) associated to V^^-^'^^ also preserves the Z-grading on fi(X). One 
can relate A and A^'^-^*'''-^ by the Weitzenbock formula (cf. P, §3.6]). In particular, if 
a G ri^{X), one has the equality 

(2.17) Aa = A^*^a + Ric a, 
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where the Ricci curvature Ric is identified with a section of the bundle End(T*X) by 
means of g^-^ . 

By (EinD and (IXTTj) . the principal symbol a2(A) of A is a2(A)(0 = l^pIdA(r-x) for 
^ G T*X. Thus (72 (AL — LA) = and AL — LA is a first order differential operator. We 
now compute the principal symbol (Ji(AL — LA) by computing limi_>ooi^~^e~**'^(AL — 
LA)e^*^ when t -^ +cx) for any / G ^°°(X). By (12161) and (12X71) . we know for any 
sG^°°(X,T*X) 

(2.18) ai(AL - LA){df)s = lim t-^e-''f{AL - LA)e''h = -2i(Vf'^'^('^*^)L)e,(/)s. 

By assumption, one has 

(2.19) AL-LA = 0. 

This implies cri(AL — LA) = 0. Thus from (I2.18p . we know (12.191) implies 

(2.20) ^^-diT-x)^ ^ Q 

The proof of Lemma 12.41 is completed. D 



Remark 2.5. In the first proof of Theorem 12. 2[ we use the generalized Kahler identity. 
When we began to clarify the situation of question 10. 3[ when there is a distribution, we 
computed an analogue of the generalized Kahler identity in this case. This is the object 
of the following subsection, which is independant from Subsection 12.31 

2.2. A generalized sub-Kahler identity. The Chern connection V^''"^ on T^X in- 
duces a connection on TX and on the bundle A*'*(T*X) ([12, §1.2.2]). This connec- 
tion is denoted by V"^^. In what follows, we identify ThX with T^^'^'X and thus we 
denote by V^'''°'^ the connection V^'^^ on T^^-^^X. For v G ^°°(X,T(°'1)X), we de- 
fine V^'°'"^t; = V^'''°'^iJ. Then V^^ = V^'"'"^^ © ^t(oa)x^ Moreover, we denote by 
T G A2(r*X) ® TX the torsion of V^^. 

By identifying X in (ll.lOp to T^X/W, N induces a holomorphic structure from 
ThX/W. Let ttat be the orthogonal projection from ThX onto X. We denote by (, ) 
the C-bilinear form on TX ®r C induced by g^^ ■ 

Let h^ , h'^ be the Hermitian metrics on W, N induced by h^'^^ . Let V^, V^ be the 
Chern connections on {W, h^), (X, h^). Then we have 

(2.21) V^ = TrwV^'^^TTw, V^ = vrjvV^'^^vr^. 
As ly is a holomorphic subbundle, we know 

(2.22) A = V^'^^" - (V^" © V^") G T*(°'^)X © Hom(X, W). 

The adjoint A* of A takes values in T*(i'°)X © IIom(iy,X). Note that for u; G 1^,^; G 

N,U eTX ©K C, we have 

(2.23) {A*{U)w,v) = (w,A{U){v)\ . 
Then, under the decomposition T^X = 14^ © X, we have 



(2.24) V^'^^ 



V^ A 
-A* V 



N 
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Let V^, V^ be the connection on Wr, N^ induced by V^, V^ as above or as in [121 
(1.2.35)]. Set 

(2.25) ^V^"" = V^ © V^. 

Let V^, ®V^^ be the connections on AiW^), A{T*X) induced by V'^, ®V^^ as in [HI 
§1.2.2], respectively. 

Let {wj}"Li be an orthonormal frame of T^^'^^X such that {wj}'j^i is an orthonormal 
frame of W. Then by [121 Lemma 1.4.4], we have 

m ^ m 

(2.26) ^ = 5Z ^'' ^ ^If + 2 ^ ^^^'^'' Wk),wi)w^ Aw'' A i^^ , 

i=i i,fc,i=i 

and 

m m 

'd* = -'^'^njjVlf - Y^ {T{wj,Wk),Wk)iw, 

, . 7=1 i,k=l 

(2.27) 



m 



+ - ^ (T(wj, Wk), wi)w^ A ijuk A ^. 
j,k,i=i 

Note that for any I < j,k < m, U & TX, we have 
From (I2.24p . for 1 < k < m^ n + 1 < '-) < m^ we get 

n 

(2.29) V^f mJ^ =®V^f w^ + 5^ {A{wk)w^, Wj^ wj. 

i=i 

From (ESID, (ESHD and (ESHj), we know that on A*'*(T*X), 



m n 



+ ^ y^ I - {A*{wk)wj, wp) w^ A iwj + (A{wk)w^, Wj) w^ A iu,g 



=n+l j=l 



(2.30) 

/3=n+l j=l 

By ffTBOj) . f l2:25|) . fl2:26|) and f l230|) . we know that 



Wj,Wk),Wi)w'' Aiw^ 



n / 1 " 

(2.31) 5h^ = E^'/\^? + 2Z<^( 

i=i \ fc,«=i 

From (12. 30 p . we get for n + 1 < a < m, 

n 

(2.32) T^wiwJ^Z^T^w = - Z (^J'' ^(-"^-a / "«',• 



W„)U7„ )«T„j. 
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From fOOj) . ^Ml, ^^ and ^Ml, we get 

n m 

j=i k=i 

m n 



(2.33) 



"w;, A w^ 



+ - ^ (T(wj, Wk),wi)w^ A Zffi^, A ^. + X] X^ X^J'' ^('^«) 

j,k,l=l a 

n 1 " 

i=i fc,«=i 

m 

+ ^ f ('wj, A(Wa)w„\ - (r(wj,w;a),W„)j|. 

o=n+l 

We also generalize the definition of the operators L = 0A and A its adjoint, by defining 
Qw £ ^^'H^k) as the restriction to A^'^{W^) of 9. We thus get operators Lw and Aw 
on A'''(M/k). By (Q, we have 



uj^Wj 



(2.34) i^H/ = \/^5]] w-'' A #A , Aiy = -V^J2'^^^ 

The Hermitian torsion operator is defined as in (12. 4p and [121 (1-4.34)] by 

(2.35) Tw:=[Aw,dwQw]- 
We have the analogue of [I2l Theorem 1.4.11]. 

Proposition 2.6. Generalized suh-Kdhler identity 

(2.36) [AH/,9M/] = v/^(a^ + r;.) 

- V^ ^ ^ f (■u7j,v4(mJq)w„\ - {T{Wj,Wa),Wa)jiwjT^W- 
a=n+l j=l 

Proof. Set 7iw,± = Id— vtvk- By (12. 7p . we have 

(2.37) 7rH/[A,(9]7rvF =v^(5^ + 7^v^/T*7^vK)• 
Note that 

(2.38) tcwAttw = Atiw 
From (I2.38p . we know 

(2.39) 7iw [a, d] Tiw = TiwAnwdTiw + tiw A'nw,LdTiw — iiwdT^w^T^w 

= [Aw,dw] + ■ITw^'^W,±dTTw 

By JKm and iKM . we have 

m 

(2.40) nwAnw,±dnw = -V^ttw ^ iw^iw^^w,±dn 



7=ra+l 

m n 

= y/^ ^ ^ (Wj, A{Wa)Wa) iwjT^W ■ 
a=n+l j=l 
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By (O, (I2:26|) and flOOj) . we have dw^w = TTwdQiiw Thus similarly to flOOj) . we 
have 

(2.41) vrH/[A, 96]7riy = [Ah^, dwQw] + 7rw^'^w,±d'd7Tw- 
By [ni (1.2.48), (1.2.54)], we have 

/ — T "* 

(2.42) de = ^--^ ^ {T{wi,Wj),Wk)w' A w-'' A W^ 

i,j,k=l 

From (Q and (jMlD, we know 

m n 

(2.43) 7iwA7iw,±dQTiw = - ^ ^^ (T(wa, Wj), Wa) w%vi/. 

a=n+l j=l 

Taking the adjoint of (I2.4ip . from (I2.35P and (12. 43 p . we know 

rn n 

(2.44) THyT*nw = Tw- ^ '^{T{Wa,Wj),Wa)iwjT^W 

a=n+l j=l 

Thus 

m n 

(2.45) -JTwT*TlW = Tlv- X^ ^{T{Wa,Wj),Wa)iw,7rw 

a=n+l j=l 

Finally from ( 12371) . (l239l) . ( 12:401) and (121451) . we get 

(2.46) [AH/,9H^] = v/^(a;^ + r;.) 

m n 

- V^ X^ X^ ( (^i' M'^c>)Wa) + {T{Wa,Wj),Wa)]iwj'n-W- 
a=n+l j=l 

From (EinD, we get dOnj. □ 

2.3. The proof of Theorem 12.11 Remember the construction of the holomorphic map 
if : F^A'W* — 7- A'^'^W* in Subsection 11.41 There we assumed for simplicity that this 
map has constant rank. For the purpose of Theorem 12.11 one can easily reduce to this 
case. Indeed, there exists an analytic subset V oi X such that </? : F'^A'^W* — )■ A'^+^iy* 
has maximum rank on X \ l^ for any k. In particular, ip{F^A''W*) forms a vector 
subbundle of A^^'^W* on X \ \^ for any k. We can define the vector bundles F^ and -F(p,± 
on X \ l^ as before. On X \ l^, we have the decompositions (ll.32p and (I1.33P for forms 
with compact support; in particular 

(2.47) Q n fi'(X \ V) = ^~(X \ V, F^,x®F^,±). 

As X \ l^ is an open connected dense subset of X, the characteristic Laplacian Aq 
preserves the bigrading on Q if and only if it preserves the bigrading on Q fl fi* (X \ V) . 
Thus we can work on X \ V^ instead of X. 

From the above discussion, in the rest, we will assume that (f{F^A^W*) forms a 
vector subbundle of A'^'^'^W* on X for any k. Then we can use the formalism developed 
in Subsection 11.41 
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By (HHD, fOSj) . as in ([23]), we have 



(2.48) 



A 



Q 



dQ + dQ,d*Q + d 



Q 



□o + no + 



dQ,dQ 



+ 



dQ,d*Q 



As Dq, Dq preserve the bigrading on Q, and [dQ^dgj : Q*'* — )• Q*+^'' ^, we know that 
Aq preserves the bigrading on Q if and only if 



(2.49) 



dQ,dQ 



0. 



We would like to understand the operator [Bq, Oq]. 
For / e '^~(X), by f lOU]) . we have 



(2.50) 



aH./ = X^w;,(/)«;^eW^* 



j=i 



where {wj}"L]^ is an orthonormal frame of T^^'^^X such that {wj}"^^ is an orthonormal 
frame of W. For ^ e T^X, let ^* G TrX be the metric dual of ^. In particular, if ^ G W*, 
then ^* eW. 

Since JT" is stable by d, d, d, as in (II. 2p . we have as maps on fi(X), 

ttqo d ottq = ttqo d, 

TVqO d OTlQ = TVqO B, TIqO B* OTlQ = B* O TVq. 

Let h^'^, h^f-^ be the Hermitian metrics on F^, -F,^,± induced by h^^* on Aiy*, which 
is induced by h^ . We recall that F<^ is a holomorphic vector subbundle of AW*. As in 
(EZH), let V^^ V^^>^ be the Chern connections on {F^,h^^), (F<^,±, /i^^-^). Let V^^* 
be the connection on AW* induced by V^, then V^^* is the Chern connection on 
{AW*,h^^''). Set 

(2.52) B = V^^*" - (V^^" © V^^-^") e T*(0'^)X® Hom(F^,^,F^). 

The adjoint B* of B takes values in T**^^'°^X ® Hom(F^, F^^±). Then under the decom- 
position AW* = F^® F^^±, we have 

(2.53) v-'-^f^": J, 



-B* V^^-L 



We denote also ttq the orthogonal projection from AW*^AW onto F<^ 



)F<^,^, and 



^Q = Wah/.§aW* -^S- Then 



T^K 



i/),±' 



71-F^ ® TTi.^^^ + 7lF^ 



TTf^ + VTf^ O TTi.^. 



(2.54) I "- 

Lemma 2.7. T/ie operator [Oq, Oq] is a first order differential operator acting on i^<^,±®-Fi^,. 
Its principal symbol, evaluated on ^ E T*X , is \f^^ times 



(2.55) tcq ^ ^ 



w'' A 



j,k=i 



i^w,T{wj,Wk)) - i^,nN[wj,Wk]) 



TTQ 



where ^w is the orthogonal projection of C, on W* 



*Bw 



]h 
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Remark 2.8. Theorem 12.11 is an easy corollary of fl2.55p . Indeed, if we take i^ a liolo- 
morphic one-form which is orthogonal to W*, the principal symbol is 

n 

j,k=l 
Evaluating at W^ , which belongs to F^^^, one gets 



-lX^(^,7rivK-,«;fc])w;''. 



fc=i 



This term vanishes for any j and ^ if and only if the distribution is involutive, which 
shows Theorem 12.11 



Proof of Lemma\K^ Note that for ^ G P^*, ^ G F^,±®F^,x, by (TTTHll . (^M) and ( 12341) . 
we know that 7r^(^AV^) G F<^®F^,±. Thus by (Ol, %*7r^(^AV') e F<^§F^,±, as C e TF, 
and this implies 



(2.56) 



vrgz^.TTg^ A ttq = for any ^ G P^* 



We compute now the principal symbol of [9q, Oq] by computing the asymptotics of 
e-'^f[dQ,d*Q]e'^f when t ^ +cx) for / G ^°°(X). By (TTaTll . (lOB and (l233ll . we have 
first 



(2.57) 



e~'^^d*Qe'^^ = -it7fQi^d^f^,7TQ + d*Q. 



Thus from (11.24^ . (I2.57p . the principal symbol of [Oq, Oq] as a second order differential 
operator is \im.t^oot^^e^^^^[dQ,dQ]e^^-^, that is 

(2.58) i-KQdwf A vtq , -iTTQi^awfy^i 

= T^Qdwf A i{9M./)*^S + T^QHdwfY'^Q'^wf A TTq 

= -'^QHdwfr^Q'^wf A TTq = 0, 



here we use (12.561) in the last equality. The equation (I2.58P means that [Oq, Oq] is a first 
order differential operator. 

By (I2.57p . the principal symbol of [9Q,(9g] as a first order differential operator is 
limt^oo^^"'^e~**-'^[(9g,9g]e**'^, that is 



(2.59) 



T^Qdwf A TTq, d*Q - i [Oq, r(Qi(^9^f),7rQ] 



By dEMD and (OH), we get 

(2.60) TTQdwf A TTq, 9q = TTQdwf A 9^ TTq + TlQd^TlQdwf A TTq 

= 7rQ9{^((9vy/)7rQ - rrQd^nQdwf A ttq. 
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Again by fOij) and firsTj) . we get 
(2.61) - [9q, 'KQi[dwf)* ^ ^q\ 

By fl^:^ and (1230]) . we get 



(2.62) d*^{dwf) = [d*w,dwf] = - 



Y.'^,y^pdwf 



j=i 



j,k=l 






^j(^fc(/)) - {dwf^^Z.Wk 



By flOTll and f l230ll . we get 



(2.63) - dw{i 



{QwfY, 



-\dw,i 



idwfr 



E^'^^.'^(^-/)* 



fc=l 






w'' A 



WfcK(/))^ +'Wjif)hz 



Wf.'U'i 



J2 H^' 



Wkiwj{f))-{dwf,V^^w 



By (IXMD . fl2:62|) and (IXeSD . we get 
(2.64) a;.(9H//)-9H/(^(a^/).) 






j,k=i 



idwf,T{wj,Wk)) - {df,nN[wj,Wk]) 



From (I2.59l) -( l2.64p . we know that the principal symbol of the first order differential 
operator [Oq, Oq] is ^/^ times 



(2.65) tcq ^ i^^w'' [{dwf, T{wj, Wk)) - (df, ttnIwj, Wk])] ttq 
j,k=i 
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Now by (12341) . ii^dwf A ttq C F^^F^^±. By ( iLMj) . fl233|) and fl233|) . we know that 

n 

(2.66) TTQd^TT-^dwf A ttq = ttq ^ (^ - iw, V^Jjvr^ai^/ A ttq 



n 



««)j • 



i=i j=i 

Let P be the orthogonal projection from A*'*(W^) onto F^^^®F^. Note that ttq^vi/ttq C 
F^® AW*©F^,^®F^, as Z(s^-/)*F^®ATF* C F^®AW*, from OMI]), <^M and (EMD, 
we have also 

(2.67) -nQi^d.yfyT^QdwT^Q = T^QHdwfyPdwT^Q 



n 



The proof of Lemma 12.71 is completed. D 
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